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Abstract 

Let {R, m) be a regular local ring of dimension at least 2. Associated to each valua¬ 
tion domain birationally dominating R, there exists a unique sequence {Rn} of local 
quadratic transforms of R along this valuation domain. We consider the situation 
where the sequence {Rn}n>o is infinite, and examine ideal-theoretic properties of the 
integrally closed local domain S = Un>o-^»^- Among the set of valuation overrings 
of R, there exists a unique limit point V for the sequence of order valuation rings 
of the Rn- We prove the existence of a unique minimal proper Noetherian overring 
T of (S', and establish the decomposition S = T CiV. If (S is archimedian, then the 
complete integral closure S* of S has the form S* = W CiT, where W is the rank 1 
valuation overring of V. 
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1. Introduction 

Let (R, tn) be a d-dimensional regular local ring with d > 2. The morphism 
(j) : Proj -A- Speed? defines the blow-up of the maximal ideal m of R. Let 

(d?i, mi) be the local ring of a point in the fiber of m defined by (j). Then d?i, called 
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a local quadratic transform of R, is a regular local ring of dimension at most d that 
birationally dominates R. Local quadratic transforms have historically played an 
important role in resolution of singularities and in the understanding of regular local 
rings. Classically, Zariski’s unique factorization theorem for ideals in a 2-dimensional 
regular local ring 36| relies on local quadratic transforms in a fundamental way. 
The 2-dimensional regular local rings birationally dominating R are all iterated 
local quadratic transforms of R, and they are in one-to-one correspondence with 
the simple complete m-primary ideals of R. More recently, Lipman 2^ uses similar 
methods to prove a unique factorization theorem for a special class of complete 
ideals in regular local rings of dimension > 2. 

By taking regular local rings of dimension at least 2, iteration of the process of 
local quadratic transforms yields an inhnite sequence iTi„)}n>o- We consider 

the directed union of this inhnite sequence of local quadratic transforms, and set 
S = Un> 0 '^»^- Since the rings are local rings that are linearly ordered under 
domination, S is local, and since the rings Rn are integrally closed, so is S. However, 
if S is not a discrete valuation ring, then S is not Noetherian. On the other hand, 
one may consider a valuation ring (H, Tl) that dominates R. There is a unique local 
quadratic transform i?i of R that is dominated by V, called the local quadratic 
transform of R along V. If V is the order valuation ring of R, then Ri = V, but 
otherwise, one may take the local quadratic transform i ?2 of i?i along V. Specihcally, 
Ri = where x E m is such that xV = mH. 

Iterating this process yields a possibly inhnite sequence of local 

quadratic transforms, where this process terminates if and only if V is the order 
valuation ring of some Rn- Abhyankar [l], Proposition 4] proves that this sequence 
is hnite if and only if the transcendence degree of P/Tl over R/m is d — 1 (that 
is, by the dimension formula 25|, Theorem 15.5], the residual transcendence degree 
of P/Tl is as large as possible; in such a case V is said to be a prime divisor of 
R). Otherwise, the induced sequence is inhnite, and it is in this case that we are 
especially interested in this article. 

Abhyankar [l|. Lemma 12] proves that if dimi? = 2, then the union IJi>o 
is equal to V. For the setting where dimi? > 2, Shannon 35|] presents several 
examples showing that the directed union S = Ui>o properly contained in V, 


and in particular S is not a valuation ring. More generally, Lipman [2J, Lemma 


1.21.1] observes that if P is a nonmaximal prime ideal of the regular local ring 
R, then there exists an inhnite sequence of local quadratic transforms of R whose 
union S is contained in Pp. Thus if we take P so that ht P > 1, then S cannot be 
a valuation ring, since the overring Pp of 5 is not a valuation ring. Thus arises the 
question of the nature of S when S is not a valuation ring. 

Since Shannon’s work in 35| has sparked the present authors’ interest in this 
topic, we refer to the directed union S = Ui>o local quadratic transforms 
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of R along a valuation ring as the Shannon extension of R along this valuation ring. 
In this article we examine the nature of Shannon extensions, with special emphasis 
on the ideal theory and representation of such rings. We prove in Theorem 15.41 that 
if S' is a Shannon extension, then there exists a unique minimal proper Noetherian 
overring T of S and a valuation overring V of R such that S = TCiV. The ring T is 
even a localization of one of the Ri and hence is itself a regular Noetherian domain 
(Theorem 14.Ij) . The valuation domain V, which we term the boundary valuation 
ring of S, is the unique limit point in the patch topology of the order valuation rings 
of the regular local rings Rn (Corollary I5.3p . While V determines the sequence of 
the i?j’s, it is not generally unique in doing so. In fact, if S is not a valuation ring, 
then there are infinitely many valuation rings that give rise to the same Shannon 
extension. However, in light of its topological interpretation, the boundary valuation 
ring is in a sense the valuation ring that is “preferred” by the sequence. 

From this representation we deduce in Corollary 15. 6l that the principal Wprimary 
ideals of S are linearly ordered with respect to inclusion. In Theorem 16.21 we use 
the representation of S to describe the complete integral closure S* of S in the case 
where S is archimedean, and in Theorem 16.91 we describe S* in the case where S is 
not archimedean. Along the way in Sections 3 and 4 we also describe the maximal 
and nonmaximal prime ideals of Shannon extensions. To illustrate several of the 
ideas in the paper, we present details in Examples 17.21 and 17.41 about an example 
given by David Shannon that motivated our work in this paper. For these examples, 
we explicitly describe the Noetherian hull and the complete integral closure of the 
Shannon extension S. 

As we show in Section 8, our representation of a Shannon extension S also proves 
useful in determining when S' is a valuation ring, since in terms of our representation 
theorem, this is equivalent to asking when S is equal to its boundary valuation ring. 
Shannon proves in 35|, Prop. 4.18] that if S is a Shannon extension S = (J^ iZj 
along a valuation ring V that is nondiscrete and rank 1, then S = H if and only if for 
every height 1 prime ideal P of any Ri, we have {Ri)p 2 S. If this condition holds. 
Shannon sa ys the sequence {i?i} switches strongly infinitely often. More recently, 
in [^, [^, 10], llj, 12], interesting work has been done by A. Granja, M. C. 
Martinez, C. Rodriquez and T. Sanchez-Giralda, on the question of when S = V. 
In [^, Theorem 13], Granja proves that S' = R if and only if either 


1. the sequence {Rj} switches strongly infinitely often, or 

2. there exists a unique rank one valuation domain W such that VF is a localiza¬ 
tion of Rn for all large n. 


In the case of item 1, the valuation ring V has rank 1, while in the case of item 2, 
the valuation ring V has rank 2 and V is contained in IF. In the case of item 2, the 
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sequence {-Rj} is said to be height 1 directed. This describes the fact that W is a 
localization of R„ for all large n. 

In this same direction, in Theorem 18.11 we prove that S' is a valuation ring 
S has only finitely many height 1 prime ideals either (a) dimS = 1 or (b) 

dimS = 2, and the boundary valuation ring y of S has value group Z © G ordered 
lexicographically, where G is an ordered subgroup of Q. We also show how to recover 
some of the results of Abhyankar and Granja from our point of view. 

In general, our notation is as in Matsumura 2^. Thus a local ring need not be 
Noetherian. An element x in the maximal ideal m of a regular local ring R is said to 
be a regular parameter if x ^ m^. It then follows that the residue class ring R/xR 
is again a regular local ring. We refer to an extension ring B of an integral domain 
A as an averring of A if B is a subring of the quotient field of A. If, in addition, 
A and B are local and the inclusion map A ^ B is a local homomorphism, we say 
that B birationally dominates A. 


2. Essential prime divisors of a sequence of quadratic transforms 

Let {Ri} be an infinite sequence of local quadratic transforms of a regular local 
ring R. In this section we consider the set consisting of the DVRs that are essential 
prime divisors of infinitely many of the Ri. We see later in Proposition 13.31 that if the 
Shannon extension 5 = |J • Rj is not a rank 1 valuation ring, then this set is precisely 
the set of localizations of R at the height 1 prime ideals of S. A key technical tool 
in describing these DVRs, as well as one that we use heavily throughout the rest of 
the paper, is that of the transform of an ideal. We first review this concept. 

Let R C S' be Noetherian UFDs with S an overring of R, and let / be a nonzero 
ideal of R. Then the ideal I can be written uniquely as I = ■ ■ ■ PfpJ, where 

the Pi are principal prime ideals of R, the e* are pos itive integers and J is an 
ideal of R not contained in a principal ideal of R [24 . p. 206]. For each i, set 
Qi = Ri(R \ Pi)~^S n S. If S C Rp., then Rp. = Sg., and otherwise Qi = S. The 
transforn^ of / in S is the ideal 

Alternatively, ■ ■ ■ Qf^K, where K is the unique ideal of S such that both 

JS = xK for some x G S and K is not contained in a proper principal ideal of S. 


^We are following Lipman’s terminology in [^. In the terminology of Hironaka [^, Definition 
5, p. 213], our notion of the transform is the weak transform of I. If 7 is a nonzero principal ideal of 
the regular local ring R, then the weak and strict transforms of I coincide. Thus, in [^, p. 701], our 
notion of the transform coincides with the strict transform of 7, since Granja restricts to principal 
ideals. 
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We recall the following useful result about transforms. 


Lemma 2.1. (Lipman 2J, Lemma 1.2 and Proposition 1.5]) Let R O S C T be 
Noetherian UFDs with S and T overrings of R. Then 


(1) for all ideals I of R. 

(2) {IJ)^ = for all ideals I and J of R. 


(3) Suppose that P is a nonzero principal prime ideal of R. Then the following 
are equivalent. 

(i) + S. 

(ii) SCRp. 

(iii) pS 

is the unique prime ideal Q in S such that Qn R = P; and Rp = Sq. 


If IZ is a regular local ring and 5 is a local quadratic transform of i?, then the 
order valuation of R can be used to calculate the transform of an ideal of R. How 
to do this is indicated in Remark 12.21 but first we recall the construction of the 
order valuation of R. Let R be a regular local ring with maximal ideal m and 
quotient field F. For each 0 7 ^ x E R, we define ordij(x) = min{z | x E m*}, 
and we extend ordi? to a map from F to ZU { 00 } by defining ordij(O) = 00 and 
ordij(x/y) = ordi{(x) — oidp^y) for all x,y & R with y / 0. From the fact that R is 
a regular local ring, it follows that ordi? is a discrete rank one valuation on F. The 
valuation ord^j is the order valuation of R. The valuation ring of ordjj is said to be 
the order valuation ring of R. It follows that if Ri is any local quadratic transform 
of R, then (Ri)mRi is the order valuation ring of R. 

Remark 2.2. Let Ri be a local quadratic transform of a regular local ring R, and 
let X be an element of m such that mRi = xi?i,If I is an ideal of R and e = ord/j(/), 
then = x~^IRi and = IRi. In |l^ . p. 1349], this equation is used to 

define the (strict) transform of a height 1 prime ideal in Ri. 

Definition 2.3. For an integral domain A, let 

epd(j4) = {Ap j P is a height 1 prime ideal of A}. 

The notation is motivated by the fact that if H is a Noetherian integrally closed 
domain, then epd(H) is the set of essential prime divisors of A. With R a regular 
local ring, let {(Ri,mi)} be a sequence of local quadratic transforms of R (so that 
for each z > 0 , ruj is the maximal ideal of Ri and Rj+i is a local quadratic transform 
of Ri), and let R = (Jj Rj. Define 

epd(S/R) = {W E U epd(Ri) ] S C W}. 
i>0 
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Remark 2.4. The set epd(S'/i?) consists of the essential prime divisors of R that 
contain S along with the order valuation rings of any of the Ri that contain S. This 
follows, for example, from Lemma 13.21 

Moreover, S' is a rank 1 valuation domain if and only if epd(S/i?) = 0 (sil . 
Proposition 4.18] H and S is a rank 2 valuation domain if and only if epd(S/i?) 
consists of a single element [1, Theorem 13] I If S is not a rank 1 valuation domain, 
then Proposition 13.31 implies that epd(S/i?) = epd(S). 

Notation 2.5. In the setting of Definition 12.31 there is naturally associated to the 
sequence {(i2j,mj)} a sequence {3i} of ideals of R, where each i > 0, 

3i = R n motni • • • mjRj+i. 

Lemma 2.6. In the setting of Notation \2.fA let P be a height 1 prime ideal of R 
generated by a regular parameter of R. Then for k > 1, Rk P Rp if and only if 
P 'T 3k- Thus S C Rp if and only if P P nfe>o^fc- 

Proof. Suppose that Rk P Rp- An inductive argument using Lemma 1241 3) shows 
that P^'= is a prime ideal of Rk , and an inductive argument using Remark 12.21 and 
the transitivity of the transform (Lemma 12.Il l)) shows that 

momi • • • = PRk- (1) 

Therefore, since P^^ C we have P C moiTii • • • mfc_imfci2fc+i, from which 

we conclude that P P 3k- 

Conversely, suppose that P P 3k- Along with ([T]), this implies 
momi • • • ruk-iP^^ P momi • • • xukRk+i- 

Since mjRj+i is a principal ideal of Ri+i for each i, we conclude that C xnkRk+i- 
Therefore, by Lemma 12.11 31. Rk P Rp- □ 

The following classical fact is used without proof in [^, Lemma 11]. Because 
it will be important in what follows, we include a proof. The proof illustrates 
calculations involved in local quadratic transforms. 

Lemma 2.7. Let {R,m) be a regular local ring and let Ri be a local quadratic trans¬ 
form of R. We have mi?i = zRi for some z G m\m^. Assume that (xi,... ,Xs)R is 
a regular prime ideal of R of height s such that RxiP P> Ri for each i G {1,... , s}. 
Then: 


^In this case, the sequence {Ri} switches strongly infinitely often. 
®In this case, the sequence {Ri} is height 1 directed. 
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1. (z,xi,..., Xs)R is a regular prime ideal of R of height s + 1, and 

2. (z, , ^)Ri is a regular prime ideal of Ri of height s + 1. 

Proof. Since RxiR 3 Ri, the transform of XiRi in Ri, which is ^Ri, is a regular 
prime of Ri. We first prove that (z,xi,... ,Xs)R is a regular prime ideal of R of 
height s + 1. Assume, by way of contradiction, that z + f ^ (xi,..., Xs)R for some 
/ G tn^. Then | G mi, so 1 + | is a unit in Ri, but 1 + 7 G (^, • • •, ^)Ri^ 
contradicting the fact that ^ G mi for each i. This proves item 1. 

We may extend the ideal {z,xi,... ,Xs)R to a minimal generating set for m, 
say m = {z,xi,..., Xs,yi, ■ ■ ■, yt)R- By construction of local quadratic transform, 
Ri/zRi is isomorphic to the localized polynomial ring 


Ri/zRi = k 


2: 



m 

5 

2: 



where k = R/m and p is some prime ideal containing • • •, Thus 

generate a regular prime of Ri/zRi of height s. It follows that z, ..., ^ generate 

a regular prime ideal of -Ri of height s + 1. □ 

Proposition 2.8. In the setting of Definition 111.,91 the set epd{S/R) contains at 
most dimi? — 1 of the order valuation rings of the quadratic sequence {Rj}. 


Proof. For each i, let Vi be the order valuation ring for Ri. Let d = dimi?, and 
suppose by way of contradiction that ..., with ii < ■ ■ ■ < i^, contain S. For 
each /c G {1,..., d}, let Pif, denote the center of P 4 in i?ij,+i. Let j = id + 1, and let 


P^^ be the transform of Pi^. in Rj. By Lemma [TT1f 3). P- 




of Rj. For each k, write PD = XkRj. By Lemma YI7f[ the elements xi,... ,Xd form 


are proper ideals 




part of a regular sequence of parameters of Rj. Since dim Rj < dim R [23, Theorems 
15.5, p. 118] and d = dimi?, the elements xi ,... ,Xd generate the maximal ideal of 
Rj. Also by Lemma [T6l each PV c and hence which in 

turn forces C mjmj+ii?j+ 2 . Since mji?j +2 is a principal ideal of Rj+ 2 , we have 
Rj +2 R T^j+iRj+ 2 , a contradiction. □ 


Remark 2.9. The bound of dimR — 1 in Proposition 12.81 can be refined with the 
following observation. In the setting of Definition 12.31 dim i?j — dim i?i^ is equal 
to the transcendence degree of the residue field of i?i+i over that of Ri [2, (1.4.2)]. 
Thus, for each i, dimi?j > dimi?j_|_i, so that there is positive integer d < dimi? 
with d = dimi?j for all i 0. The proof of Proposition 12.81 shows that epd(S'/R) 
contains at most d — 1 valuation rings. Moreover, since S is an overring of R, we 
have dim S' < d [^, Theorem 15.5, p. 118]. 
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3. The maximal ideal of a Shannon extension 

As a directed union of local rings, a Shannon extension S is local. In this 
section we focus on the maximal ideal N of S and show that either N is principal or 
idempotent fProposition 13.5() . and that in either case, N is the radical of a principal 
ideal (Proposition [321) • 

Setting 3.1. We make the following assumptions throughout the rest of the paper. 

(1) (I?,m) is a regular local ring with quotient field F such that dimi? > 2. 

(2) {(i2j,mj)} is an infinite sequence of local quadratic transforms of regular local 
rings starting from Rq = R. That is, for each z > 0, i?j is a local quadratic 
transform of Ri-i, so Ri is a regular local ring, Ri-i C and, by Remark [2. 9 1 
dimi?j_i > dimRj > 2. 

(3) S = U£oShannon extension of R along {Rj} and N = 
the maximal ideal of S. 

(4) For each i > 0, ordj : R ^ Z U {oo} represents the order valuation of Ri and 
Vi = {q & F \ oidi{q) > 0} is the corresponding valuation ring. 

Lemma 13.21 is well known. The geometric content of the lemma is that blowing 
up the maximal ideal m is an isomorphism outside of the fiber over m. 

Lemma 3.2. Assume Settina [3A[ If Pi is a prime ideal of Ri such that P := Pi HR 
is a nonmaximal prime ideal of R, then Rp = (Ri)p^. 

Proof. There exists a regular parameter x of R such that Ri is a localization of 
R[m/x] at a prime ideal Qi. If x E P, then mRi = xRi C Pi, and hence m = PiPlR, 
a contradiction to the assumption that P = Pi H R is a nonmaximal prime ideal of 
R. Thus X 0 P. It follows that both Rp and (Ri)pi are localizations of R[l/x]. 
Since (Ri)pi birationally dominates Rp, we have that Rp = (Ri)pj. □ 

We see in the next proposition that a Shannon extension has an isolated singu¬ 
larity, in the sense that every non-closed point of Spec S is nonsingular. A stronger 
version of the proposition is proved in Theorem 14.ll li. which asserts that the punc¬ 
tured spectrum of 5 is a localization of Ri for sufficiently large i. 

Proposition 3.3. Assume Setting [WHl If P is a nonzero nonmaximal prime ideal 
of S, then Sp = {Ri)pnRi for i ^ 0, and hence Sp is a regular local ring. 

Proof. Let P be a nonmaximal prime ideal of S and denote P^ = P H R„, so set- 
theoretically P = (J P^ and Sp = \Jn>o(^n)p„- Since P is nonmaximal, Pn C m„ 
for some fixed large re. An inductive argument with Lemma 13.21 yields that for 
rre > re, {Rm)Pm = {Pn)Pn- R follows that Sp = {Rn)Pn is a regular local ring. □ 


It follows from Theorem I4.1l fll that the positive integer i in Proposition 13.31 can 
be chosen independently of P. 

In light of Proposition l3.3l the ideals of the Shannon extension S that are primary 
for the maximal ideal play an important role in our treatment of the structure of S. 
We characterize in the next lemma and proposition when the maximal ideal of S is 
principal. 

Lemma 3.4. Assuming Setting the following are eguivalent for x G S. 


(1) N = xS. 

(2) P := ni>o® prime ideal, S/P is a DVR with maximal ideal the image 
of xS and P = PSp. 

(3) For every valuation ring V that birationally dominates S, m.iV = xV for all 
i > 0 . 

(4) The element x is a regular parameter in Ri for all i ^ 0. 


Proof. The equivalence of (1) and (2) is a standard argument involving only the fact 
that S' is a local domain; see [^, Exercise 1.5, p. 7] 

(1) (3) Let E be a valuation ring that birationally dominates S. If i is such 

that X G TTij, then xV C rrijE C NV = xV, and hence xV = mjV for all j > i. 

(3) ^ (4) Let i be such that both x G ruj and vnjV = xV for all j > i. Then 
since m^E C trijE, it follows that x G \ m^. Hence x is a regular parameter in 
Rj. 

(4) ^ (1) Let i be such that x is a regular parameter for all j > i. Let j > i. 

Then since x is a regular parameter in Rj+i and xi2j+i is contained in the height 
1 prime ideal xnjRj+i of Rj+i, it follows that xRj+i = miJj+i. Since this holds for 
all j > i, we conclude that N = Uj>i = Uj>i xRj+i = xS. □ 


Following [151] , we say there is no change of direction for the quadratic sequence 
Ro ^ Ri V ■■■ P Rn if iTio % m^; otherwise, if mo C m^, there is a change of 
direction between Rq and Rn- We say that the quadratic sequence {Ri} changes 
direetion infinitely many times if there exist infinitely many positive integers i such 
that there is a change in direction between Ri and for some Hi > i. 


Proposition 3.5. Assuming Setting [SAi the following statements are eguivalent. 


(1) N is not a principal ideal of S. 

(2) N = N‘^. 

(3) {Ri} ehanges directions infinitely many times. 
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(4) For every nonzero element x of N and every n > 0, ordj(x) > n for i S> 0. 

Proof. (1) =► (2) If N is not a principal ideal of S, then by Lemma 13.41 for each 
X G N, there exists i > 0 such that x ^ Ri but x is not a regular parameter in Ri. 
Hence x € m? C which shows that N = 

(2) ^ (3) For each i, let Xi be a regular parameter for Ri such that XiRi+i = 

If the maximal ideal of S is idempotent, then Lemma 13.41 implies that 
for each i, there exists Ui > i such that xt is not a regular parameter in . Thus 
= XiRi+i C m^., and hence there is a change of direction between Ri and 
Rrn- Since this holds for each choice of we conclude that {i?i} changes directions 
infinitely many times. 

(3) ^ (4) Let X G N. Since {i?i} changes directions infinitely many times, it 
follows that for each i there exists j > i such that ruj C m| and hence ordj(x) < 
ordj(x). Hence for each n > 0 there exists i such that ordj(x) > n for all j ^ i. 

(4) => (1) Suppose that N = xS for some x £ N. Then by Lemma [TH x is a 

regular parameter in Rj for j 3> 0. This implies that ordj(x) = 1 for j 3> 0, so that 
{i I ordj(x) > 1} is a finite set. □ 

Corollary 3.6. Assume Setting \3.1\ If N is not principal, then every valuation 
ring between S and its field of fractions has rank at most dimi? — 1, and hence 
dim S' < dimi?. 

Proof. Let U he a valuation ring between S and its field of fractions F. By Propo¬ 
sition [331 dIU is an idempotent ideal of U. Since U is a valuation ring, this implies 
NU is a prime ideal of U [a, Theorem 17.1, p. 187]. A rank d valuation ring between 
a d-dimensional Noetherian ring and its field of fractions is discrete [l|, Theorem 1], 
and hence has no nonzero idempotent prime ideals. Thus the rank of U is at most 
dimii — 1. Since the rank of every valuation ring between S and F is at most 
dimi? — 1, it follows that dim5 < dimi? [^, (11.9), p. 37]. □ 

Remark 3.7. In contrast to Corollary 13.61 if the maximal ideal of S is principal it 
need not be true that dim S < dim R. If dim R = 2, then every rank 2 valuation ring 
that birationally dominates R is a Shannon extension S with dim S' = dimi? = 2; 
see Corollary 18.41 There also exist examples with dim S = dim R in which S is not 
a valuation ring: the Shannon extension S in Example 17.21 is not a valuation ring 
and dim S = dim R = 3. 

Proposition 3.8. Assuming Setting [Ql there exists a regular parameter x in one 
of the Ri’s such that xi?j+i = mjiii+i and xS is an N-primary ideal of S. 

Proof. By Proposition 12.81 there exists i > 0 such that no order valuation ring Vj, 
j > i, is in epd(S/i?j), so epd(S/i?) C epd(iij). Let x G ruj be such that xRi+i = 
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Note that mj C xS and xS Cl Ri = rrij. Assume by way of contradiction 
that a non-maximal prime ideal q of 5 contains x. Then is Noetherian by 
Proposition 13.31 so there exists a height 1 prime ideal p of 5 such that x £ p. 
Then 


xxii = xS n Ri <£ p D Ri C N n Ri = m-i, 


so p (1 Ri = mj. However, Sp E epd(S'/i?) C epd(i?i). Thus Sp = {Ri)pnRi = Ri, 
contradicting the assumption that dimi?* > 2. We conclude that = N. 

□ 


Corollary 3.9. Assuming Settina [KT\ the following are equivalent for the Shannon 
extension S of R. 


(1) S is dominated by a DVR. 

(2) S is a DVR. 

(3) S is a Noetherian ring. 

Proof. (1) ^ (2j^ Suppose H is a DVR that dominates S. Replacing V by V n F, 
we may assume that V birationally dominates S. We claim that S = V. Let / E V. 
Since F is a UFD, we can write / = a/ 6 , where a,b £ R are relatively prime. 
Let V denote the valuation associated to V with value group the integers. We have 
v{f) = v{a) — v{b) > 0, and v{b) = 0 if and only if / E F. Assume that v{b) = n > 0. 
Let X E m be such that mV = xV. Then x is part of a regular system of parameters 
for F and xFi = mFi. Hence there exist c,d £ Ri such that a = xc and 6 = xd. 
If follows that f = c/d and v{d) < n. Writing c/d in lowest terms in Fi will not 
increase the u-value of the denominator. Hence repeating this process at most n 
times gives f £ Ri, with i < n. Thus S = V. 

(2) => (3) This is clear. 

(3) ^ (1) By Proposition 13.81 N is the radical of a principal ideal of S, and 

hence since S is Noetherian, dimS = 1. Moreover, since N is finitely generated, N 
is not idempotent, and hence by Proposition 13.51 V is a principal ideal. Thus S is 
a DVR. □ 

Remark 3.10. Another condition that characterizes when a Shannon extension is 
a DVR is given in Corollary 18.51 


^The argument given here is related to classical results of Abhyankar in [i[ and Zariski in [^ . 
pp. 27-28]. 
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4. The Noetherian hull of a Shannon extension 


In this section we continue to assume Setting 13.11 and we show that there is a 
smallest Noetherian overring T that properly contains the Shannon extension S and 
this ring is a regular ring that is a localization of Ri for sufficiently large i. In the 
next section T is used to decompose S as an intersection of a regular ring and a 
valuation ring. 

Theorem 4.1. Assuming Setting 1,9.11 let T he the intersection of all the DVRs 
with quotient field F that properly contain S, where an empty intersection equals F. 
Then the following statements hold for T. 

(1) T = for any x £ N such that xS is N-primary. Furthermore, T is a 

localization of Ri for z 0. In particular, T is a UFD. 

(2) The ring T is the intersection of all the Rp, P a height 1 prime ideal of R, 
that contain S, along with the at most dim R — 1 order valuation rings Vi that 
contain S. 

(3) The ring T is a Noetherian r^ular ring that is the unique minimal proper 
Noetherian overring of S in F^ 


Proof. If 5 is a DVR, then T is the quotient field of S and the assertions (1), (2) 
and (3) hold, so we assume that S is not a DVR. 

(1) Let X G S such that xS is Al-primary. By Proposition 12.81 there exists i > 0 
such that no order valuation ring Vj, j > i, is in epd(5/l?i). Thus no order valuation 
ring of the sequence {Rj}j>i is in epd{S/Ri), and hence no order valuation ring of 
this sequence contains S. Therefore, by replacing R with Ri we may assume that 
epd(S'/R) contains none of the Vi. 

By Proposition l3.8l there exists a regular parameter Xi in one of the Rfs such that 
XiRi+i = xniRipi and XiS is V-primary. We may assume without loss of generality 
that i = 0 and that x = x*; in particular, N = y/xS and xRi = xnRi. We claim 
that S'[l/x] is a flat extension of R. To prove this, it is en oug h to show that for each 
prime ideal P of 5 that survives in 5[l/x], Sp = RpnR [33|, Theorem 2]. Let P be 
such a prime ideal. Then since x 0 P and x E ruj for all z > 0, it must be that for 
each z, P n Pj is a nonmaximal ideal prime ideal of Ri. Therefore, by Lemma 13.21 
for each z > 0, we have RpnR = {Ri)pnRi, and hence PpnR = = Sp, 

which proves the claim. 


dim 5 = 1, then T is the quotient field of S by Proposition 13.31 and statement (2). We regard 
a field to be a zero-dimensional regular local ring. 
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Next, since S'[l/®] is a flat extension of the UFD R, then ^[1/x] is a localization 
of i? at a multiplicatively closed set [^, Theorem 2.5]. To complete the proof of 

(1), we claim that T = ^[l/x]. Since S'[l/x], as a localization of R, is an integrally 
closed Noetherian domain, it is an intersection of DVRs and hence T C ^[1/a:]. It 
remains to show that every DVR that contains S contains S\i/x\. Let V be a DVR 
that contains S. If V dominates S, then by Corollary 13.91 S' is a DVR, contrary 
to assumption. Thus V does not dominate S and since xS is V-primary, it follows 
that S[l/x] C V, which proves that S'[l/x] = T. 

(2) By (1), there is i > 0 such that T is a localization of Ri, and thus T is an 
intersection of the {Ri)p that contain S, where P is a height 1 prime ideal of Ri. It 
follows from Lemma 13.21 that each {Ri)p is a localization of R at a height 1 prime 
ideal of R or {Ri)p is an order valuation of some Rj, j < i. By Proposition 12.81 
there are at most (dim R) — 1 such order valuation rings. 

(3) By (1), T is a localization of a regular local ring and hence is a Noetherian 

regular ring. Suppose that is a Noetherian overring of S. Let M be a maximal 
ideal oi A. If M n S' = V, then since there is a DVR that dominates the Noetherian 
ring Am, this DVR dominates also S, which by Corollary 13.91 implies that S is a 
DVR, contrary to our assumption at the beginning of the proof. Thus T = S[l/x] C 
Smhs C Since this is true for every maximal ideal M of A, it follows that 

T C A, which verihes (3). □ 

Definition 4.2. In light of Theorem 14. Il 3i. we define the Noetherian regular UFD 
T of Theorem O to be the Noetherian hull of the Shannon extension S. 

Remark 4.3. Assume the notation of Setting 13.11 and assume dimS > 1. Propo¬ 
sition [2]8] implies that for re 3> 0, S does not contain the order valuation ring Vn- 
The proof of Theorem I4.1f l) shows that for every height 1 prime ideal P of S' we 
have Sp = {Rn)pR„ = Tpr for some prime element p of Rn- Notice, however, that 
for i > n, the ideal pRi is not a prime ideal. 

Proposition 4.4. With notation as in Theorem \4.1\ fix n 0 such that T is a 
localization of Rn- Let a E Rn he nonzero, and for i > n, consider the transform 
{aRn)^T Then {aRn)^^ = Ri for z S> 0 i/ and only if a £ T^. 

Proof. Since mjT = T for all i > n, we have aT = {aRn)^^T. If (aRn)^^ = Ri for 
some i > n, then aT = T. 

To see the converse, assume that {aRn)^* C Pj for all i > n. By construction 
of transform, the height 1 primes of {aRn)^^^^ lie over height 1 primes of {aRn)^L 
This yields an ascending sequence {pi}i>n, where p* is a height 1 prime of Ri. We 
have (aRn)^^ C p* and pj+i n P, = pj for all i > n. R follows that P = Ui>nPj ^ 
height 1 prime in the directed union S', and a £ P, so a ^ T^. □ 
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5. The boundary valuation of a Shannon extension 

Let X denote the set of all valuation overrings of R. The Zariski topology on 
X has as a basis of open sets the sets of the form {V ^ X \ E <Z V}, where E 
ranges over the finite subsets of the quotient field E of R. For our purposes we 
need a finer topology: The patch topology on X has a basis of open sets of the form 

Xfly}, where G and H range over all finite subsets of F 

Definition 5.1. Assume Setting [3.11 A valuation overring V of i? is a boundary 
valuation ring of S if in the patch topology fZ is a limit point of the order valuation 
rings Vi- 

The terminology is explained by the fact that the subspace {14 | i > 0} is discrete 
in the patch topology and hence a valuation ring 1/ G T is a boundary valuation 
ring of S if and only if 1/ is a boundary point in X of the set {14 | > 0} with 

respect to the patch topology. Equivalently, V G X is a boundary valuation ring 

of S if and only if for each pair of finite subsets G C V and H C iMy, there exist 
infinitely many i such that G C I 4 and H C mv,. 

In Corollary 15.,'ll we show that S has a unique boundary valuation ring, and we 
use this valuation ring in Theorem 15.41 to give an intersection decomposition of S in 
terms of its boundary valuation ring and Noetherian hull. 

Lemma 5.2. Assuming Setting [Ql let q ^ F be nonzero. Then either ordn,(( 7 ) > 0 
for n S> 0, ord„(g) = 0 for n 3> 0, or ord„(g) < 0 for n S> 0. 

Proof. If (7 G Rn or q~^ G Rn for some n > 0, then Lemma 15.21 is clear. Assume 

that q ^ Rn and q~^ ^ Rn for all n > 0 . 

We may write q = oq/ bo, where ao,bo G R are relatively prime. Since q ^ R and 
q~^ ^ R, we must have that oq, bo G m. Let Qo = {ao, bo)R, so Qo is an ideal of R of 
height 2 . Let {Qi}°Zo be the sequence of transforms of Qo in the sequence {i?i}; i.e., 
for each i > 0, Qi+i is the transform of Qi in Ri+i. For each i, let Xi G m* such that 
XiRi+i = vXiRi+i. Then by Remark [2]2l QiRi+i = xfQj+i, where = ordj((3i)- 
Let {oj} and {bi} be sequences of elements of S defined inductively for i > 0 by 
Oj+i = xf’^'ai and = xf'^'bi. It follows that Qi = (oj, bi)Ri and q = ai/bi for all 
z > 0. If Cj = 0 for any z > 0, then one of either Oj or bi is a unit in Rj, so (7 G Ri or 
q~^ G Rj. Thus we may assume that Cj > 0 for all z > 0. 

By [IG], Lemma 3.6 and Remark 3.7], ordj(Qj) > ordj+i((5i+i) for all z > 0, so 
the sequence {ci} is a nonincreasing sequence of non-negative integers. Thus {e*} 
stabilizes to some value e > 0, say or:di{Qi) = e for all i > N. 

Notice that if ordi(ai) = ordi(QA, then aj+iRj+i is the transform of the principal 
ideal a^Rj in Rj+i, so again by [l 6 |, Lemma 3.6 and Remark 3.7], ordi+i(ai+i) < 


jRGXlGCI/andRC 
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ordj(aj). Therefore if ordj(aj) = e for any j, then ordj(aj) = e < ordj(6j) for all 
i > j. Similarly if or:dj{bj) = e for any j, then ordi(6i) = e < ordj(aj) for all i > j. 
Since either ordAr(aAr) = e or ordAr( 67 v) = e, the lemma follows. □ 

Corollary 5.3. Assume Settina \KT\ The Shannon extension S has a unique bound¬ 
ary valuation ring V, and 

V = IJ Pi = {g G F I ordj(g) > 0/or z > 0}. (2) 

n>0 i>n 

Proof. Let V' = {q G F \ ordj(g) > 0 for i 3> 0}. As a directed union of rings, 
V' is a ring, and in view of Lemma 15.21 V' is in fact a valuation ring. Let F be a 
boundary valuation ring of S. Then for q G V, q G Vi for infinitely many i, so by 
Lemma [521 Q & Vi for all z 3> 0. Thus V C V'. Furthermore, for q G iUty, q G 
for infinitely many z, so similarly, q G lUTy. for all z S> 0. Thus THy = Tly' H V, so 

V = V'. □ 

Theorem 5.4. Assume Setting 1,9.11 Then S = V 0 T, where V is the unique 
boundary valuation ring of S and T is the Noetherian hull of S. 

Proof. First we observe that S VV CiT. For this it is clearly enough to verify that 
S C V. Let s G S. Then there exists i such that s G Ri. Since Ri, hence s, is 
contained in every Vj, j > z, we have by Corollary 15.31 that s gV . Thus S C V CiT. 
It remains to prove that V CiT C S. If S' is a DVR, then since S V V CiT and the 
only proper overring of S is the quotient field of S, we have S = V CiT. (Note that 

V ^ F, since by Corollary 15.31 V dominates R.) Thus we assume for the rest of the 
proof that S is not a DVR. 

By Proposition 12.81 there exists A: > 0 such that none of the {Vi | z > A:} contain 
S. Thus by replacing R with R^ we may assume without loss of generality that none 
of the Vi contains S. By Theorems 13.81 and 14.11 1) there exist z > 0 and a regular 
parameter x in Ri such that mjRj+i = xRj+i, xS is V-primary and T = S[l/x\. By 
replacing R with Ri we may assume without loss of generality that z = 0, so that 
ml?i = xRi. 

Let q G V nT, and write q = s/x^ for some s G S and e > 0. By Corollary 15.31 
there exists n > 0 such that q GVi for all i > n. Since s G S and none of the order 
valuation rings V contain S, we may choose k > n such that 

s G Rk and Rk %Vi Vz = 0,1, 2,... , n. 

We claim q G Rk- Since Rk is a Krull domain and hence an intersection of its 
localizations at height 1 prime ideals, it suffices to show that q G {Rk)Q for each 
height 1 prime ideal Q of Rk. Let Q be a height 1 prime ideal of Rk. If x ^ Q, 
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then clearly q = s/x^ G {Rk)Q- Suppose x G Q. Since mi?i = xRi C xRk C Q, it 
follows that Qr\R = m. Thus {Rk)Q 4- 6pd(-R), so {Rk)Q = Vi for some i > 0. Since 
Rk V Vi, it follows that i > n, so q G Vi. □ 

Corollary 5.5. Assume Settina U71\ If dim S = 1, then S is the boundary valuation 
ring V. 


Proof. Let 0 x G N. By Theorem 14.11 T = S[l/x\, so, since dim S' = 1, we have 
T = S[l/x] = F. By Theorem 15.41 S is the boundary valuation ring V. □ 

Corollary 5.6. Assume Settina Wld Then the principal N-primary ideals of S are 
linearly ordered with respect to inclusion. 


Proof. Let y, z G S he such that yS and zS are A^-primary ideals. By Theorem 15.41 
we have S = V CiT, where V is the boundary valuation ring of S and T is the 
Noetherian hull of S. By Theorem 14.11 11. T = S[l/y] = S[l/z\. It follows that 
yS = yV n T and zS = zV H T. Since 1/ is a valuation ring, the ideals yV and zV 
are comparable, and thus so are yS and zS. □ 


Remark 5.7. Using different techniques from the current paper, we prove in 


that the boundary valuation ring of a Shannon extension always has rank at most 
2, and we give constraints on its value group. This is done through an analysis of 
asymptotic properties of the sequence of local quadratic transforms that defines the 
Shannon extension. In particular, we recover a result due to Granja [1, Proposition 
7]: if 5 is a valuation ring, then S is the boundary valuation ring of S and, in this 
case, S has at most rank 2. 


6. The complete integral closure of a Shannon extension 

An element 0 in the held of fractions of an integral domain A is almost integral 
over A if A[9] is a fractional ideal of A. The integral domain A is completely integrally 
closed if it contains all almost integral elements in its held of fractions. The complete 
integral closure of a domain is the ring of almost integral elements in its held of 
fractions. In general, the complete integral closure of a domain may fail to be 
completely integrally closed. 

In this section we describe the complete integral closure of a Shannon extension. 
To do so, we distinguish between two classes of Shannon extensions, those that are 
archimedean and those that are not. Recall that an integral domain A is archimedean 
if for each nonunit a G A, we have nn>o = 0. A Shannon extension S is 
archimedean if and only if nn>o ~ where x is as in Setting 16.11 

To simplify hypotheses, we hx some notation for this section. 
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Setting 6.1. In addition to Setting [3.11 assume: 

(1) X € 5 is such that xS is A^-primary (see Proposition 13.Sp : 

(2) T is the Noetherian hull of S'; 

(3) T is a localization of R (see Theorem I4.ip : 

(4) S* denotes the complete integral closure of S; 

(5) W is the rank one valuation overring of the boundary valuation ring V. 

In Setting 16.11 in the special case in which S is a rank one valuation ring, then 
S = S* = V = W and S* = S = {N :f N). 

Theorem 6.2. Assume notation as in Setting \3.1\ and \6.1[ Also assume that S is 
archimedean and not a DVR. Let V be the boundary valuation ring of S. Then NV 
is the height 1 prime of V and hence W = V^v ■ Furthermore, 

1. S* = {N :f N) = Wn T, and 

2. W is the unique rank 1 valuation overring of S with this property. 

Proof. If = xS is a principal ideal, then Lemma 13.41 implies that nn>o ~ 
P|^>o x^S is a nonzero ideal, a contradiction to the assumption that S is archimedean. 
Thus N is not a principal ideal of S. By Proposition 13.51 N is an idempotent ideal 
of S, thus NV is an idempotent ideal of V. It follows that NV is a prime ideal 
[^, Theorem 17.1, p. 187]. For an A^-primary element x, since S is archimedean, it 
must be that ~ (^)’ From Theorem 15.41 we have S = V CiT, and since 

by Corollary 13.91 V is not a DVR, we have from Theorem I4.1I D that NT = T, and 
in particular x^T = T. It follows that {^^qx'^V = (0). Thus NV is the height 1 
prime of V, and hence W = Vjvv- 

We show that (N :f N) = W fl T. We have, 

NVnT = NVn(vnT) = NVns = N 

so we have the equality 

(N -.F N) = {{NVnT) :f N). 

By properties of colon ideals, it follows that 

{{NVnT) :f N) = {NV :f N) n (T :f N). 

The fact that NT = T implies that (T N) = T. Since NV is idempotent, 
W = {NV :f N) [i, Lemma 4.4, p. 69]. We conclude that 

{NV :f N)n{T :f N) = WnT. 
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Therefore we have established that {N : p N) = IT n T. 

Next we observe that the complete integral closure of S is {N :p N). Indeed, 
since (N :p N) is the intersection of the completely integrally closed rings W and T, 
the ring (N :p N) is completely integrally closed. Since also {N :p N) is a fractional 
ideal of 5, {N :p N) is almost integral over S, proving (1). 

Since S* = W CiT and dim IT = 1, to prove (2), by [3, Corollary 1.4], it suffices 
to show that IT cannot be omitted from this representation of S*, or equivalently, 
that {N :p N) C T. To see this, let x G S be any A^-primary element. Then 
^ G T = S[^], but i ^ iV, so ^ G T \ (iV N). Thus IT cannot be 

omitted from S* = W CiT, and hence IT is the unique valuation overring of S of 
Krull dimension one such that 5* = IT n T. □ 


Corollary 6.3. With notation as in Theorem \6.2[ N is the center ofW on S*. In 
particular, N is a prime ideal of S*. 


Proof. By Theorem 16.21 5* = IT n T, and by Theorem 15.41 S = V CiT. Using the 
fact that NV = NVnv set-theoretically 27, 11.2, p. 35], it follows that N is the 
center of IT on S'*. □ 


Corollary 6.4. With notation as in Theorem Id.HI the units of S* are equal to the 
units of S. 

Proof. Since the maximal ideal of S is a proper ideal of S*, if u G S is not a unit of 
S, then u is also not a unit of S*. Thus it suffices to show that if u, u~^ G S*, either 
u G S or u~^ G S. Since S* = IT fl T by Theorem 16.21 it follows that u, u~^ G T, 
and at least one of u,u~^ is in V, say u G T. But S = T n T by Theorem 15.41 so 
u G S, completing the proof. □ 

Corollary 6.5. Assume notation as in Theorem \6.2[ The subrings A of S* that 
contain S are in a one-to-one inclusion preserving correspondence with the subrings 
of S*/N that contain the field k = S/N. In particular, S* is a finitely generated 
S-algebra if and only if S*/N is a finitely generated k-algebra. 

Corollary 6.6. With notation as in Theorem \6.2l assume S is not completely in¬ 
tegrally closed and let 6 G S* \ S. Then 9~^S (1 S = N. 

Proof. By Theorem 16.21 {N :p N) = S*, so ON C N, hence N C 0~^N n S C 
6~^S n S. Since also 9 ^ S, we have S ^ 9~^S, hence 9~^S D S C S. Therefore, 
since N is the maximal ideal of S, we have 9~^S n S = A^. □ 

Remark 6.7. McAdam [iH ] dehnes an integral domain A to be a finite conductor 
domain if for elements a, h in the field of fractions of A, the A-module aA n hA 
is finitely generated. A ring is said to be coherent if every finitely generated ideal 
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is finitely presented. Chase [^, Theorem 2.2] proves that an integral domain A is 
coherent if and only if the intersection of two finitely generated ideals of A is finitely 
generated. Thus a coherent domain is a finite conductor domain. Examples of finite 
conductor domains that are not coherent are given by Glaz in [3, Example 4.4] and 
by Olberding and Saydam in [^, Prop. 3.7]. If S is archimedean but not completely 
integrally closed, then S is not finite conductor and thus not coherent. Indeed, if S is 
archimedean and coherent, then Corollary 16.61 implies that N is a finitely generated 
ideal of S, which by Proposition 13.51 implies that is a principal ideal. However, 
Lemma [33] and Theorem 14.11 then imply that the Noetherian hull of S' is a fractional 
ideal of S, a contradiction to Theorem 16.91 


Remark 6.8. Following [g, page 524], an integral domain A with field of fractions 
K is a generalized Krull domain if there is a set J- of rank 1 valuation overrings of 
A such that; (i) A = (ii) for each (P,THy) E we have V = and 

(iii) has finite character; that is, if x E 7L is nonzero, then x is a nonunit in only 
finitely many valuation rings of iF. This class of rings has been studied by a number 
of authors; see for example [H, Q, m, [13, HH, • In our setting, when S C S* the 
ring S* is a generalized Krull domain whose defining family iF consists of rank 1 
valuation rings such that all but at most one member (namely, W) is a DVR. 


In light of Theorem 16.21 which describes the complete integral closure S* of S 
in the archimedean case, it remains to describe S* when S is not archimedean. We 
do this in Theorem 16.91 


Theorem 6.9. Assuming Setting [6A[ the following statements are equivalent. 


(1) S is not archimedean. 

(2) T is a fractional ideal of S. 

(3) S* = T. 

(4) The boundary valuation of S has a nonzero nonmaximal prime ideal that does 
not lie over N. 

(5) The ideal ni>o ® nonzero prime ideal of S. 

(6) There exists 0 / y E i? such that for each n > 0, ordj(y) > n ■ ordi(x) for all 
i > 0. 


Proof. (1) (2) Since S is not archimedean and xS is V-primary, it follows that 

7^ 0. By Theorem 14.H D. T = 5[l/x], so that 0 / n.^gX*5 = {S :s T), 
and hence T is a fractional ideal of S. 
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(2) ^ (3) Since T is a normal Noetherian domain, T is completely integrally 
closed. Thus since T is a fractional ideal of S, it follows that T is the complete 
integral closure of S. 

(3) => (4) Since T is the complete integral closure of S, T is contained in every 
rank one valuation overring of S. For a rank one valuation overring U of S, it follows 
that S C T C U. Since the maximal ideal of U lies over a nonzero prime ideal of T 
and NT = T, we conclude that it lies over a nonzero nonmaximal prime ideal of S. 
Statement (4) follows. 

(4) ^ (5) Since dim S' > 1, Theorem 14.1^ 1) implies that T = S'[l/x]. Let V be 
the boundary valuation ring for S. By statement (3) there exists a nonzero prime 
ideal Q of V such that Q H S is a nonmaximal prime ideal of S. Hence x ^ Q and 
Q Cli x'^V. Since H is a valuation ring, ni>i is a nonzero prime ideal of V. 
Using the fact that x is a unit in T, we have P = ni>i x^VnT = ni>i x^S is a 
nonzero prime ideal of S. 

(5) ^ (6) Let 0 / y G H P, and let n > 0. Then y/x" G S. Since 

S = (Ji^Q Pi, where {i?i} is the sequence of quadratic transforms determined by S, 
it follows that ordj(y) — n ■ ordj(x) = ordi(y/x"') > 0 for all but finitely many i. 

(6) => (1) Let y be as in (6), and let n > 0. Then (6) implies that for all but 

finitely many i, y/x"" G U- Let V be the boundary valuation ring for S. Since V is 
a limit point for the Vi in the patch topology, y/x'^ G V. Since the choice of n was 
arbitrary, we have y G nn>o x^V, so that V is not archimedean. By Theorem l4.ir iL 
T = S'[l/x], and by Theorem 15.41 S = V CiT. Thus y/x"' G S for all re > 0, and 
hence y G nn>o x^S, which shows that S is not archimedean. □ 

Corollary 6.10. Assume Settina fKli Then there is a prime ideal P of S such that 
S* = {P :f P)- The ideal P is maximal if and only if S is archimedean. 

Proof. If S is archimedean, then by Theorem 16.21 S* = {N :f N). If S is not 
archimedean, then by Theorem 16.91 P := PI^^qX^S is a nonmaximal prime ideal 
of S. Also by Theorem 16.91 S* = T. Since T = S'[l/x], it follows that S* = T C 
(P :f P). Moreover, since T is completely integrally closed and P is an ideal of T, 
wehave S* = T = {P-.F P). □ 


7. Shannon’s examples 


Two examples 3^, Examples 4.7 and 4.17] of David Shannon motivated our work 
in this paper. In Examples 17.21 and 17.41 we present details of these examples and 
their relation to concepts developed in this paper. The first. Example 17.21 involves 
a nonarchimedean Shannon extension that is not a valuation ring, while the second, 
Example 17.41 deals with an archimedean Shannon extension that is not a valuation 
ring. In this section we make use of the following elementary lemma. 
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Lemma 7.1. (cf. [ 1 , Theorem 2.4] and Exercise 1.5, p. 7]) Let A be a loeal 
domain with prineipal maximal ideal m = xA and let p = nn>o^"^- 

(1) p = xp is a prime ideal, and every prime ideal properly contained in m is 
contained in p. 


(2) A is a valuation domain if and only if A^ is a valuation domain. 


Example 17.21 is based on 35|, Example 4.7] of Shannon. 


Example 7.2. Let {R, m) be a 3-dimensional regular local ring with m = (x, y, z)R. 
Let [/ be a valuation ring that birationally dominates R such that, with u the 
valuation of U, we have nu{x) < u{y) and nu{x) < u{z) for each positive integer 
n, that is, u{x) is infinitely smaller than both u{y) and u{z). Let be the 

sequence of local quadratic transforms of R along U. The maximal ideal mj of Ri is 
rrij = (x, -^)Ri. Eor each i, we have z/y ^ Ri and yfz^ Ri. Hence S' = IJ^ iij is 

not a valuation ring. 

Since y,z G x®S, the ring S is not archimedean. By Theorem l6.9l the complete 
integral closure S* of S is the Noetherian hull T = S[l/x] of S. Observe that xS 
is the maximal ideal of S, and so by Lemma [7.11 P = unique 

largest nonmaximal prime ideal of S. It follows that T = S[l/x] = Sp. Since 
{y, z)R C P n i? C m, and there are no prime ideals strictly between (y, z)R and m, 
we conclude that T = R{^^z)r- 

Since S has principal maximal ideal xS, we have P = PSp as sets. Hence there 
are no rings properly between S and T = S[l/x]. Since U dominates S, we have 
T Therefore S = U r\T. However, U need not be the boundary valuation ring 
of S. The boundary valuation ring is unique, and there are many possibilities for 
U ; all we require of U is that U birationally dominates R and its valuation u has 
the property that u(x) is inhnitely smaller than both u{y) and u{z). 


Example 17.41 is based on 35|, Example 4.17] of Shannon. The calculation of the 
complete integral closure of the archimedean Shannon extension S in this example 
relies on the following theorem, which gives a criterion for the complete integral 
closure of S' to be a simple ring extension of S. 


Theorem 7.3. Assume notation as in Theorem 1 6. HI If there exists 6 G S*\S such 
that 5[0]Ar = W, then 

( 1 ) = 5 [ 0 ], 

(2) 0“^S'[0“^] is a maximal ideal of S[9~^], and 

(3) V = 
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Proof. To show that S[6] = S*, it suffices by Corollary 16.51 to show S[6]/N = S*/N. 
Let k = S/N and let (—) denote ima ge m odulo N. Since 0 ^ S, Corollary [63] implies 
6~^ ^ S, so by Seidenberg’s Lemma 34, Theorem 7] it follows that S[9]/N = k[6] is 
a polynomial ring in one variable over the field k. Thus from = W, it follows 

by permutability of localization and residue class formation that WfNW = k{6) is 
a simple transcendental field extension. Thus k[6] C S*/N C k{9), so S*/N is a 
localization of k[9]. By Corollary 16.41 the units of S*/N are the units of k, so we 
conclude that S*/N = k[9]. 

Let A = so ^ C y. Then NA is a prime ideal of A, Ana = Vnv, 

and again by Seidenberg’s Lemma, A/NA = k\9~^] is a polynomial ring in one 
variable over the field k. Now by Theorem 16.21 9 G {N : N). Thus NA C 9~^A, 
so that {N,9~^)A = 9~^A is a principal maximal ideal of A. Moreover, since 
A/N A = k[9~^], NA is a prime ideal of A just below 9~^A. 

Let V = Aq-ia, so y is a local domain with principal maximal ideal. Since 
9 ^ S* \ S = {W \ y) n T, it follows that 9~^ G TRy, so V birationally dominates 
y. Since y is a local domain with principal maximal ideal 9~^V, it follows from 
Lemma lT.ll ll that NV is the unique prime ideal just below 9~^V and that NV = 
NV^y. Furthermore, V[9] = V^y = W, so that V^y is a valuation ring. By 
Lemma I7.ir 2). V is valuation domain. Since y is a valuation domain birationally 
dominated by V, we have y = y. □ 


Example 7.4. Let {R, m) be a 3-dimensional regular local ring with m = (x, y, z)R. 
Let u be a valuation of the quotient field of R with the property that u{x) = a, u{y) = 
b, u{z) = c are rationally independent positive real numbers such that c> a + b. Let 
mn)}n>o be the sequence of local quadratic transforms oi R = Rq along the 
valuation ring determined by u and let S = Un>o Shannon proves that S is not a 
valuation ring. Indeed, for each integer i > 0, Shannon proves that m* = {xi,yi, Zi)R, 
where a* = u{xi),bi = u{yi),Ci = u{zi) are distinct rationally independent real 
numbers and Cj ^ mm{ai,bi,Ci}. Thus the local quadratic transform from R^ to 
Rn+i is obtained either 

1. by dividing by Xn, in which case Xn+i = Xn, yn+i = ^ and = |^, or 

2. by dividing by ?/„, in which case Xn+i = yn+i = Vn and Zn+i = 

The valuation u defines a rank one valuation domain that birationally dominates S. 
By varying the value of the real number u(z) = c, subject only to the condition that 
c> a + b, we conclude that there exist infinitely many rank one valuation domains 
that birationally dominate S. 

For each i, the elements xt and yi each generate an A^-primary ideal of S. Con¬ 
sider the element 9 = ^ = -f/-. We show that 9 ^ S* \ S and that S* = S'[0]. 
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Let T be the Noetherian hull of S', and let V be the boundary valuation ring 
for S. Since x,y are units in T, 0 € T. For each i > 0, it follows that ordi(0) = 
ordj(j^) = —1. Thus 6 so 9 ^ S and 9~^ G V. By Proposition 13.51 for each 
element f G N, it follows that lim^^oo ord„(/) = oo. Thus ovdn{9f) > 0 for n S> 0, 
so 6f GTlvnT = N. Therefore ON C N, so 9 G {N -.p N) = S*. 

Denote A = S[0]. Since 9, 9~^ 0 S, Seidenberg’s Lemma 3J, Theorem 7] implies 
is a prime ideal of A and A/ N = k[9] is a polynomial ring in one variable 
over k = S/N. In particular, A^ is a nonmaximal prime ideal of A. Therefore, 
since by Corollary 13.61 there are no rank 3 valuation rings between A and its field of 
fractions, dim A = 2 and dim Ajv = 1- Moreover, since ACS* and, by Corollarv l6.3l 
N is the center of VF on S*, A^ is the center of W on A. Furthermore, since Ri[9] is 
integrally closed for each z > 0, it follows that A is integrally closed. 

We show that A]\f = W. The ring Ajv is an integrally closed dimension 1 local 
domain that birationally dominates R and has residual transcendence degree 1 over 
S. The valuation ring U has rational rank three and hence is residually algebraic 
over R [l|. Theorem 1], so it follows that S is residually algebraic over R also. 
Therefore, A^r has residual transcendence degree 1 over R. If A^r is not a valuation 
domain, then it is birationally dominated by a valuation domain B that has positive 
residual transcendence degree over A^v 38|, Theorem 10, p. 19]. Therefore, since R 
has dimension 3 and Atv has residual transcendence degree 1 over R, it must be that 
B has residual transcendence degree 2 over R; cf. [ij, Theorem 1]. This implies B is 
a prime divisor of R that dominates S. However, a Shannon extension of R that is 
birationally dominated by a prime divisor of R is necessarily equal to Ri for one of the 
local quadratic transforms along S [l|. Proposition 4], so we obtain a contradiction 
to the fact that in our case {Ri} is an infinite sequence. Thus A^r is a valuation 
domain that is birationally dominated by W, which forces 5[0]Ar = A^v = W. Thus 
by Theorem 17.31 we have S* = S'[0] and S'[0“^]0-i5[0-i] = V 

Finally, we note that the rank 1 valuation ring U ot u along which S was defined 
is not the rank 1 valuation overring W of the boundary valuation ring V of S, simply 
because U has rational rank 3 and no such valuation overring of a 3-dimensional 
regular local ring can properly contain a valuation ring that contains R (cf. [H, 
Theorem 1].) 


Remark 7.5. Example 17.41 exhibits an archimedean Shannon extension that is nei¬ 
ther completely integrally closed nor a valuation ring, and whose boundary valuation 
ring has rank 2. We prove in that there exist examples of archimedian Shannon 
extensions S that are completely integrally closed and whose boundary valuation V 
has rank 1 yet S is not a valuation ring; i.e., S <GV. 
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8. When a Shannon extension is a valuation ring 


If /Z is a regular local ring of dimension 2, then a valuation ring V oi R that 
birationally dominates R is the union of the sequence of local quadratic transforms 
of R along V [l|, Lemma 12]. Moreover V is either zero-dimensiona@ or a prime 
divisor of R [l|, Theorem 1]. Since the sequence of local quadratic transforms along 
a prime divisor is finite [l], Proposition 4], it follows that the Shannon extensions of 
the two-dimensional regular local ring R are precisely the zero-dimensional valuation 
rings that birationally dominate R. In higher dimensions, while a Shannon extension 
need not be a valuation ring, and a zero-dimensional valuation overring need not 
be a Shannon extension, much is known about when these extensions are valuation 
rings; cf. @,|9, 10, 11, l3, 12, 35|. In this section we give additional characterizations 
of when a Shannon extension is a valuation ring and recover some of the previously 
known characterizations from a different point of view. 


Theorem 8.1. The following are equivalent for a Shannon extension S of a regular 
local ring R. 


(1) S is a valuation ring. 

(2) S has only finitely many height 1 prime ideals. 

(3) Either (a) dim S' = 1 or (b) dimS = 2 and the boundary valuation ring V of 
S has value group Z 0 G, where G is a subgroup of Q and the direct sum is 
ordered lexicographically. 

Proof. We use in the proof that by Theorem 15.41 we have S = V CiT, where V is the 
boundary valuation ring of S and T is the Noetherian hull of S. In particular, there 
is X E S such that xS is primary for the maximal ideal iV of S and T = S[l/x]. 

(1) <;=i> (2) It is clear that (1) implies (2) since the ideals of a valuation ring 
are totally ordered by inclusion. Conversely, suppose that S has only finitely many 
height 1 prime ideals. If P is a nonmaximal prime ideal of S such that P has 
height > 1, then since Sp is a localization of the Noetherian ring T, there exist 
infinitely many height 1 prime ideals of S that are contained in P, contrary to (2). 
Therefore, every nonmaximal prime ideal P of S has height 1, and T = S[l/x] is the 
intersection of the rings Sp, where P ranges over the height 1 prime ideals of S. By 
assumption there are only finitely many such prime ideals P. Moreover, since T is 
an integrally closed Noetherian domain, Sp is a DVR for each each height 1 prime 


®The dimension of a valuation ring V that birationally 
of the residue field of V over the residue field of R\ cf. [31 


dominates R is the transcendence degree 
, P. 34]. 
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ideal P of S. Therefore, since 5 = 1^PlT, S' is an intersection of V and finitely many 
DVRs. Since S is local, this implies that 5 is a valuation domain [^, (11.11)]. 

(1) => (3) Suppose that 5 is a valuation ring. If S' is a DVR, the claim is clear, 
so suppose that S is not a DVR. As an overring of the valuation ring 5, T is a 
valuation ring, and hence the Noetherian ring T is either a DVR or the quotient 
field of S. If dim S' > 1, then necessarily T is a DVR, and since every nonmaximal 
prime ideal of S survives in T = 5[l/x], this forces dim 5 = 2. Furthermore, by [^, 
Proposition 14], S/P has value group isomorphic to a subgroup of Q. 

(3) ^ (1) If dim 5 = 1, then T = 5[l/a:] is the quotient field of S', so that 
5 = V n T = V, and hence 5 is a valuation ring. Suppose that dim 5 = 2 and the 
value group of V is Z © G, where G is a subgroup of Q. If the nonzero nonmaximal 
prime ideal P of V lies over the maximal ideal N of 5, then 5 is dominated by a 
DVR (namely, the localization of V at P), but then by Corollary 13.91 5 is a DVR, 
contrary to dim 5 = 2. Thus P n 5 is a height 1 prime ideal of 5 and hence Sms 
is a localization of T = 5[l/x]. Since by Theorem 14.11 T is a localization of some 
Ri, it follows that Spns is a localization of Ri at a height 1 prime. In particular, 
5pns is a DVR, which forces 5pns = Vp. Since V C Spns and V/P has rational 
value group with V irredundant in the intersection S = V H T, it follows that V is 
a localization of 5 [j^ . Lemma 3.1]. Since V dominates 5, this forces S = V, which 
verifies (1). □ 

Remark 8.2. If the Shannon extension 5 of P is a valuation ring with dim 5 = 2, 
then by Theorem 18.11 the value group of 5 has rational rank 2. There is no such 
bound on the rational rank of a valuation ring obtainable as a Shannon extension 
5 when dim 5 = 1. Granja [1, Proposition 16] has shown that if P is a regular 
local ring of dimension d > 2, then there exists a Shannon extension of P that is a 
valuation ring and whose corresponding valuation has rational rank d. 

Corollary 8.3. Let S be a Shannon extension of the regular local ring R. Then S 
is valuation domain with discrete value group if and only if dim S <2 and S has a 
principal maximal ideal. 

Proof. If 5 is a valuation ring with discrete value group, then by Theorem 18.11 
dim 5 < 2, and since the value group of 5 is discrete, 5 has a principal maximal 
ideal. Conversely, suppose that dim 5 < 2 and 5 has a principal maximal ideal. 
If dim 5 = 1, then 5 is necessarily a DVR, so suppose that dim 5 = 2. With the 
notation of Lemma 13.41 S/P is a DVR and PSp = P. Moreover, by Theorem 15.41 
there is x G 5 such that xS is primary for the maximal ideal and 5[l/x] is a regular 
Noetherian domain. Since Sp is a localization of 5[l/x] and dim5p = 1, it follows 
that 5p is a DVR. This and the fact that S/P is a DVR and PSp = P imply that 
5 is a valuation domain with discrete value group. □ 
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Corollary 8.4. (Abhyankar [l|, Lemma 12]) If R is a regular local ring with dimi? = 
2, then the set of Shannon extensions of R is precisely the set of zero-dimensional 
valuation overrings of R that dominate R. 

Proof. Let y be a zero-dimensional valuation overring of R that dominates R. Then 
V determines an infinite sequence of local quadratic transforms {-R*} and hence there 
is a a Shannon extension S oi R with S O V. Since dimi? = 2, then dimi?j = 2 
for all i > 0. If dimS = 1, then S' is a valuation ring by Theorem 18.11 Suppose 
that dimS = 2, and suppose by way of contradiction that S is not a valuation ring. 
Then there exists u in the quotient field of S such that u, u~^ 0 S. Hence, with 
N the maximal ideal of S, Seidenberg’s Lemma (^ . Theorem 7] implies AiS[tt] is a 
nonzero nonmaximal prime of S[u]. Therefore S[u] is contained in a valuation ring 
U with dim U = 2 such that the nonzero nonmaximal prime ideal P of 17 is centered 
on AiS[u]. Since dim U = 2 and U is an overring of the two-dimensional Noetherian 
domain R, the value group of U is discrete [l|, Theorem 1], and hence Up is a, DVR 
that dominates S. However, by Corollary l.l-Ql this implies S is a DVR, contrary to 
assumption. Thus S is a valuation ring, and since V dominates S, S = V, which 
proves the corollary. □ 

In general, it is not enough that the maximal ideal of a Shannon extension S is 
principal to guarantee that S' is a valuation ring; see Example 17.21 However, with 
an additional assumption, S must be a valuation ring: 

Corollary 8.5. A Shannon extension S of a regular local ring R is a DVR if and 
only if the maximal ideal of S is principal and S is dominated by a rank 1 valuation 
ring. 


Proof. Suppose that the maximal ideal of S is principal and S is dominated by a 
rank 1 valuation ring. The latter property implies that S is archimedean, and hence 
since S has a principal maximal ideal, Lemma I3.4l 2) forces dimS = 1. Therefore, 
by Corollary 18.31 S is a DVR. The converse is clear. □ 


Following Shannon [35|, the quadratic sequence {Ri} determined by the Shan¬ 
non extension S switches strongly infinitely often if epd(S/72) is empty, and following 
Granja [Ij, the sequence {Ri} is height 1 directed if epd(S/i?) has exactly one ele¬ 
ment. In Proposition 18.71 we show how to recover some results of Granja from our 
point of view. We use the notion of an essential prime divisor from Dehnition 12.31 


Lemma 8.6. If S is a Shannon extension of the regular local ring R with dim S' > 1, 
then epd(S/R) = epd(S). 
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Proof. Let V G epd(5/-R). Then there exists a height 1 prime ideal Pi of Ri for some 
i > 0 such that 5* C 1/ = [Ri)p.. Let P be the contraction of the maximal ideal 
of V to S. Then Sp = V, and hence P has height 1 and V G epd(5). Conversely, 
suppose that P is a height 1 prime ideal of S. Since dim 5 > 1, we have T C Sp, 
where T is as in Theorem EH and T is a localization of Ri for some i. Therefore, 
Sp is a one-dimensional localization of Ri, which forces {Ri)pnRi = Sp and P (1 Ri 
to be a height 1 prime ideal of Ri. Consequently, Pp G epd(S'/P). □ 

Proposition 8.7. (cf. Granja [^, Props. 7 and 14, Thm. 13]) Assume Settina WAi 

(1) {Ri} switches strongly infinitely often if and only if S is a valuation ring with 
dim 5 = 1. 

(2) {Ri} is height 1 directed if and only if S is a valuation ring with dim 5 = 2 
and value group G 0 Z, where G is a subgroup of Q and the sum is ordered 
lexieographically. 

(3) S is a valuation ring if and only if {Ri} switehes strongly infinitely often or 
{Ri} is height 1 direeted. 

Proof. (1) Suppose |epd(5/P)| = 0. Then by Lemma [8.61 there does not exist a 
height 1 prime ideal P of S such that Sp is a DVR. Since Pfl/x] is a regular 
Noetherian domain and x is primary for the maximal ideal of S (with notation as in 
Setting 16.ip , it follows that dim S' = 1. Hence by Theorem 18.11 S is a valuation ring. 
Conversely, if S is a valuation ring with dimS = 1, then there exist no overrings 
properly between S and its quotient field. Consequently, since S is not a DVR (this 
possibility is ruled out by Setting [3T](3)), epd(S, R) is empty. 

(2) Suppose that |epd(S/R)| = 1. Then by (1), dimS > 1, and hence by 
Lemma (8^ epd(S/i?) = epd(S). Therefore, S has only one height 1 prime ideal, 
and hence by Theorem 18.11 S is a valuation ring with value group Z © G, where G 
is a subgroup of Q. The converse follows from Lemma 18.61 

(3) In light of (1) and (2), it only needs to be observed that if S is a valuation 

ring, then |epd(S'/R)| = |epd(S')| <1. □ 

Aeknowledgment. The authors are grateful to Angel Granja for a number of 
helpful comments on an earlier version of this article. 
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